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1. Introduction 

Let us recall the classical question of Mark Kac, "Can one hear the shape of a drum?" 
|Kacj ■ He asked whether there exist two non-isometric domains on the plane such 
that the spectra of the (Dirichlet) Laplacian on them coincide (such domains are called 
isospectral). For arbitrary planar domains it was answered negatively in |GWWj using 
an algebraic construction of [Sun]. See also reviews and extensions IBC^DSllH^^IHIIiOI] 
and references therein, as well as illustrative numerics in IBetTrj . Also, it was observed 
in |SlHuj that the constructions of |BCDS[ IChj work in the case of domains with fractal 
boundaries. However, to the best of our knowledge there are still no known examples 
of sets of more than two non-isometric isospectral domains, as well as of non-simply 
connected domains. Also, Kac's question still remains open for smooth (as well as for 
convex) domains. 

In the present paper we suggest the following modification of isospectrality question 
for the case of mixed Dirichlet-Neumann boundary conditions (the so called Zaremba 
problem (Zaj) which develops the approach suggested in |JLNPj . Some related 
numerically constructed (though more complicated) examples can be found in [DDI- 

Let r2j C M^, j = 1, 2 be two bounded domains, their piecewise smooth boundaries 
being decomposed as d^lj = dcQj U djyflj, where dcflj, d]\fQj are finite unions of open 
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segments of dQj and dnflj fl d^flj = 0. Suppose that there are no isometries of 
mapping Qi onto Q2 in such a way that d^^i maps onto d£)^2- (We shall call such 
pairs of domains nontrivial.) Consider on each Qj a mixed boundary value problem for 
the Laplacian, 

-Am = Am in Qj , u\dj,nj = , du/dnlo^Uj = , 

and denote its spectrum by aoNi^j)- Our aim is to study nontrivial isospectral pairs 
Qi, Q2 (i-e. such that a^iy^Qi) = o-£)n{^2))- We present a series of examples of such 
pairs and provide some necessary conditions for mixed isospectrality. 



2. Basic example 

Let Qi = (0, 1)^ be a unit square with On^i = {1} x (0, 1) and do^i = {0} x [0, 1] U 
(0,1) X {0,1}. Let Q2 be an isosceles right-angled triangle {{x,y) G : < x < 
V2, <y <x} with ajv^^2 = { ^2} x (0, ^2) and dDft2 = {0} x (0, V^) U {(x, x) : x e 
(0, V2)} (see Figured) 




Figure 1. The unit square ili and the isosceles triangle il2- Here and further on, red 

solid lines denote the Dirichlet boundary conditions and blue dashed lines 

denote the Neumann ones. 



The spectra aoNi^j) are easily calculated by separation of variables. The 
eigenfunctions for Qi are 

sin((l/2 + m)7Tx) sin^mry) , for n = 1, 2, . . . , m = 0, 1, 2, . . . , 

and the eigenfunctions for ^2 are 

'l/2 + k)TTx\ f{l/2 + l)Txy\ fil/2 + l)Txx\ f(l/2 + k)ny 
sm I ^ sm ^ — sm ^ sm 



V2 J \ V2 J 

for A; = 0, 1, 2, ... , / = 0, 1, 2, . . . , k>l. (2.1) 

The corresponding spectra (with account of multiplicities) are aD^i^i) = {Xm,n} and 
crDN{^2) = {yUfc,/} with 

\m,n = ^ {{2m+lf + An^) (2.2) 
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and 



vr^ (2fc + l)^ + (2/ + l)^ 

f^k,l - ^ • 



Theorem 2.4. obn^i) = o^dn (^2) 

Proof. Indeed, it is easy to check that 

Xj,i+j+i if A; - / = 2j + 1 
Xi+jj if k-l = 2j . 



On the other hand 

Xm,n 



/^m+n,m— n if ^ ^ ; 

f^m+n,n—m—l if 77i < 71. . 

These two correspondences estabhsh a bijection between cr£)7v(^i) and aciiy{fl2)- CH 



The example above shows that isospectral domains with mixed boundary conditions 
can be quite simple (compared to classical Dirichlet isospectral pairs in 
and numerical examples in [HDl)- Indeed, dependence of the spectra on boundary 
decomposition brings more flexibility to the problem. See also section IHl for other 
illustrations of this phenomenon. 

We note that this example is somewhat reminiscent of Chapman's example |Chj 
of two disconnected Dirichlet isospectral domains: in his case the first disconnected 
domain is a disjoint union of a square of side one and an isosceles right triangle of side 
two, and the second one is a disjoint union of a rectangle with sides one and two and 
an isosceles right triangle of side \/2. 



3. Main construction 



Example of section |21 is in fact the easiest implementation of the following algorithm for 
the construction of isospectral domains which we outline below. 

We start by describing a suitable class of "construction blocks" which we shall later 
use to build pairs of planar isospectral domains. Let a, b be two lines on the plane 
(which may be parallel), and let be a bounded open set lying in a sector formed 
by a and b (or between them if they are parallel). K need not be connected, but we 
assume that dK has non-empty intersections with a and b which we denote daK and 
dbK, respectively. Let d^K := dK\ {daK U dbK) be the remaining part of the boundary 
dK. 

Let Ta, Th denote the reflections with respect to the lines a and b. We first 
construct the domains Qi and ^2 just by adding to K its image under reflections Ta, 
Tb, respectively: 

ni := lnt{KUTa{K)) , ^2 := lnt{K U Tb{K)) . 
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We now need to impose mixed boundary conditions on Qi and To do so, let us 
first decompose doK into the union of two non-intersecting sets d^ uK and Bq^nK (one 
of which may be empty). Then we set (see figure |2I) 

do^i ■■= do,DK U Ta{do,DK) U Ta{d,K) ; 

^Nn^ := do,NK U Ta{do,NK) U d,K ; 

dD^2 := do,DK U Ttido,DK) U daK ; 

dN^2 := do,NK U n{do,NK) U n{daK) ; 





Theorem 3.1. For any choice of lines a, b, of a "construction block" K, and of its 
boundary decomposition Oq^dK and Oq^nK, we have 

with the account of multiplicities. 

Proof. The theorem is proved using the transplantation technique developed in |Berj . 
|Busj ■ We show that there is a one-to-one correspondence between the eigenfunctions on 
Qi and on Let Ui{x) be an eigenfunction of the mixed Dirichlet-Neumann boundary 
problem on Qi. Let us represent ui{x) as follows: 

M^) = \ ,^ . ^ ^ ^ (3.2) 

I Ui2[TaX), X e TaK, 
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where Uu{x), Uuix) are functions on K satisfying 

Mll(x) = Mi2(x), dnUn{x) = -(9„Mi2(x), 

for X G daK. Let 

U2iix) = Uii{x) - Ui2{x), U22{x) = un{x) + uuix). (3.3) 
One can check by inspection that the function 

Mx) = < ,^ . (3.4) 

is an eigenfunction of the corresponding mixed Dirichlet-Neumann boundary value 
problem on ^2- It is easy to see that inverting this procedure one obtains an 
eingenfunction of the problem on Qi from an eigenfuntion of the corresponding problem 
on ^2- Note also that since ()3.3|) is a linear transformation we get a£,]\f{Qi) = crf)j\f[Q2) 
with the account of multiplicities. This completes the proof of the theorem. □ 

The construction of this section also gives us the basic example of section |2l if we 
take the "construction block" K to be an isosceles right-angled triangle with legsize one, 
a being the hypotenuse of K, b being one of the legs, and Oq^nK chosen to be empty. 



4. Isospectrality and multi-sheeted coverings of K 

In this section, we indicate an alternative way of proving Theorem 13. If and, at the same 
time, relate in an indirect way the spectra auN^Qj) and the spectra of boundary value 
problems on the "construction block" K. For illustrative purposes all the figures in this 
section use a construction block K with parallel sides a, b, which is different from the 
construction block shown in the previous section. 

To start with, consider an eight-sheet covering Ks of the block K. It is constructed 
by "gluing" together four copies of K and four copies of its reflection TaK, and 
identifying the outer edg shown in Figure El 

The dotted lines show the original bounding lines and their images under reflections; 
we set 

ao:=b, ai:=a, aj := Ta^_^{aj^2) forj = 2,...,8 

and identify Oq and Og. 

Ks is a fiat manifold with boundary on which we consider a mixed Dirichlet- 
Neumann problem with boundary conditions imposed according to the original choice 
of do^oK and Oq^nK and their reflections. Denote the spectrum of the corresponding 

Laplacian by a{Ks)- 

Any pair of lines U 0^+4, = 0, . . . , 4 defines a symmetry on Ks which preserves 
both flfc and 0^+4 and exchanges a(^k-j)mod8 with a(fc+j)mod8 for j = l5 2,3. Consider, 
e.g., the case k = 0. Then the lines Oq, 04 split Ks into two identical domains; denote 
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Figure 3. Ka, an eigth-sheeted covering of K. Here tlie construction block K is 
bounded by two parallel lines a and b. The main construction of section |31 gives an 
isospectral pair, with fli being bounded by 02 (with the Dirichlet condition imposed) 
and Oq (Neumann) and CI2 being bounded by 03 (Dirichlet) and ai (Neumann). 



one of them ^^4. The eigenfunctions on Kg can be chosen in such a way that each one 
shall satisfy either a Dirichlet or a Neumann boundary condition on oq U 04, and 

where crDD,NN{K4^) stand for the spectra of the Laplacian on with corresponding 
boundary conditions imposed on and a^, and the union is understood with account 
of multiplicities. 

Consider now these two new problems on ^^4. For each of them, 02 is the line of 
symmetry which divides into two copies of Qi. By the same argument, 

aDD{Ki) = aoNi^i) U (Tdd{^i) and a^NiKi) = aNoi^i) U a^Ni^i) ; 

here again the indices D and correspond to the boundary conditions imposed on the 
sides Qo and 02 of Qi. Obviously, aNoi^i) = o"DAf(^i) by symmetry. 

Repeating the argument once more for symmetric problems on Qi, we get 

(Tdd{^i) = (^dn{K) U aDD{K) and aNN{^i) = <^nd{K) U (Tnn{K) , 

and so 

aDN{^i) U (TDNi^i) = (r(Ks) \ (^dd(/<) U aDN{K) U aMD{K) U aNN{K)) , (4.1) 
i.e. the spectrum aoNi^i) taken with double multiplicities is obtained by removing 
from the spectrum a{K%) of the problem on the eight-sheeted covering the spectra of 
the four boundary value problems on the "construction block" K. 

Let us repeat now the whole process but start with considering the symmetry with 
respect to ai Uas. Then instead of i^^4 we should consider a different set K'^ bounded by 
Oi and 05, which has a line of symmetry 03 dividing it into two copies of VL2. The previous 
argument gives again ()4.H1 . with f2i replaced by 1^2, thus providing an alternative proof 
of Theorem 13.11 
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Further on, a similar argument provides us with another pair of isospectral domains 
with more complicated symmetries than those of the previous section. Namely, we have 

Theorem 4.2. 

(^dn{K4) = aDN^K'^) , 
or more generally 

(^DN{K2n) = (T£,jv(K'2") ; 

where i^2" is constructed by gluing together 2"^^ copies of K and T^"^ copies of TaK 
starting with K , and is constructed by gluing together 2"^^ copies of K and 2"~^ 
copies ofTbK starting with K. 

See Figure m for illustration in the case n = 2. The proof is by induction in n using 
the argument similar to the one above via the construction of 2"+^-multiple covering 
K2"+3- We omit the details of the argument. 





~\XJ KAT: 






} 





Figure 4. Isospectral problems on K4 and K'^. The construction block K is the same 
as in Figure 121 



5. Necessary conditions for mixed isospectrality 

We present here some necessary conditions for mixed isospectrality coming from the 
heat trace asymptotic expansion for a mixed Dirichlet-Neumann boundary problem. 

Theorem 5.1. Let two domains Qj, j = 1,2, with boundary decompositions dQj = 
do^j UdN^j, be isospectral in the above sense. Then the following quantities should 
coincide for j = 1 and j = 2: 

• Area(r2j); 

• Length.{dD^j) — Length(9Arfij); 

• 2 / <s) ds + }^ — -— + }^ — . 

Jd^J DD P NN ^ DN P 

In the last formula, n is the curvature of the boundary, and the sums are taken 
over all corners of dVtj formed by Dirichlet-Dirichlet (DD), Neumann-Neumann (NN), 
and Dirichlet-Neumann (DN) parts of the boundary, respectively; in each case P is a 
corresponding angle. 

Proof. The theorem follows immediately from the formulae for the first three heat trace 
coefficients in the case of a mixed Dirichlet-Neumann problem (see |Dowj ) — as the 
spectra coincide, the heat trace expansions should coincide as well. □ 



Isospectral domains with mixed boundary conditions 



8 



6. More examples 

In this section, we illustrate our construction by more examples. They are quite simple 
and do not require explanation apart from graphical one. In all the cases we show the 
construction block and resulting isospectral domains. 

Example 1. Simply connected and not simply connected domains. As in 
Figure El 



1 
I 
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: I 
: I 
■ I I 

c 



o 



Figure 5. Isospectral shnply connected and non-simply connected domains. 



Example 2. One smooth and one non-smooth domain. As in Figure IHl Note 
that the boundary of the upper domain is smooth but not analytic. 

Example 3. Four isospectral domains. This example is more complicated than 
the two previous ones. 

We start with a construction block lying inside a rectangle formed by two pairs of 
parallel straight lines, a, b, and c, d, see Figure [3 We reflect flrst with respect to the 
line a and impose the Dirichlet (resp., Neumann) condition on Tab (resp., b) thus giving 
us the domain on the left of the middle row of Figure We now reflect it with respect 
to the lines c or d and impose different boundary conditions on opposite straight lines, 
thus giving us (by the argument of section E)) a pair of isospectral domains Qi and 

If we reflect flrst with respect to the line b and impose the Dirichlet (resp., Neumann) 
condition on a (resp., Tf,a) we obtain the domain shown on the right of the middle row 
of Figure m Again reflecting with respect to c and d, we obtain another isospectral pair 
1^3 and fl^. 

It remains therefore to show that both pairs are isospectral to each other. To do 
this we notice that reflecting first with respect to c, and then with respect to a and 
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Figure 6. Isospectral smooth and non-smooth domains. 



b proves, by the same argument, the isospectrahty of the resulting pair fii and ^3. 
Therefore, all four domains are isospectral. Note also that Q2 is non-simply connected 
and the other domains are simply connected, thus extending Example 1. 

More complicated constructions producing sets of 2" isospectral non-isometric 
domains are possible in any dimension n > 2. 

Example 4. Domains isospectral with respect to Dirichlet-Neumann swap. 

This is discussed at length in |JLNPj . where we construct a series of examples of 
boundary value problems whose spectrum remains the same when swapping Dirichlet 
and Neumann parts of the boundary. The main example is of two problems on a half- 
disk, see Figure IHl 

This example has an unexpected application |JLNNPj . which has in fact first 
attracted our attention to Dirichlet-Neumann isospectrahty. 

7. Can one count the shape of a drum? 

Very recently, Uzy Smilansky and collaborators have noticed |(7nSmSo| IShSmj that 
in some situations pairs of previously known isospectral objects (manifolds or graphs) 
can be distinguished by comparing their nodal sequences. Namely, if Am is the m-th 
eigenvalue and IliYi IS cL corresponding eigenfunction of the Dirichlet Laplacian on fi, 
denote by Nm{^) := {x ^ Q : Um{x) = 0} the nodal set of Um. and by I'mi^) the number 
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of connected components of f2 \ Nm{^)- Note that i^m(^) is only well defined in such a 
way for a simple eigenvalue and that the case of multiple eigenvalues requires some 
special treatment. 

Numerical experiments in [GnSmSol IShSmj based on statistical analysis of a 
normalized nodal domain count, see jBlGnSni] . showed that isospectral pairs provide in 
fact different distributions of nodal domains. 

We note here that, at least for some low eigenvalues, the pairs of isospectral domains 
with mixed boundary conditions considered in this paper also produce different nodal 
count. Consider, e.g. our basic example of a square and a triangle in section |21 The 
nodal domains for the eigenf unctions corresponding to the fourth eigenvalues Ai,2 = /^a.o 
are shown in Figure 01 and we see that I'i^fli) = 4 7^ 3 = 2/4 (^22). 

As finite element calculations show, the nodal domain count is also different, e.g., 
for the third eigenf unctions of the two problems in the half-disk isospectral with respect 
to the Dirichlet-Neumann swap (Example 4 of the previous section) with four and two 
nodal domains, respectively. 

It would be of course interesting to prove that any two isospectral mixed Dirichlet- 
Neumann problems can be distinguished by their nodal count; this question remains 
open. 
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Figure 9. Nodal domains for the basic example of section [21 
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